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COVARIANCE ANALYSIS IN GENERALIZED LINEAR

MEASUREMENT ERROR MODELS

Raymond J. Carroll!
Department of Statistics
Texas A&M University

College Station, TX 77843

Abstract

We summarize some of the recent work on the errors-in-variables problem in general-
ized linear models. The focus is on covariance analysis, and in particular testing for and
estimation of treatment effects. There is a considerable difference between the randomized
and nonrandomized models when testing for an effect. For estimation, one is largely re-

duced to using an errors in variables analysis. Some of the possible methods are outlined

and compared.
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Y = response variable
A= treatment assignment indicator
X = true value of the predictor

Z= observed value of the predictor
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Part I: Introduction and Overview

1.1 Introduction

The aim of this paper is to survey approaches to estimation of and testing for treat-
ment effects in the analysis of covariance when predictors (covariates) cannot be measured
exactly. Because our primary focus is epidemiology, the discussion includes linear, logistic
(success-failure), Poisson (counts) and survival time regression. As far as possible, we
will avoid technical details and even formulae, refering the reader instead to the relevant
literature. Some familiarity with statistical terminology is presumed, especially maximum

likelihood estimation and weighted least squares.

When predictors are measured exactly as assumed in standard textbooks, it is suffi-
cient to study simple regression, i.e., regression with one predictor. More complex models
differ only in algebraic detail. When predictors are measured with error, studying only
simple regression is a mistake. Some lessons from simple regression carry over to more
complex models, but others do not. Covariance models are the simplest cases with gener-
alizable lessons, so quite apart from their obvious importance in epidemiology they can be
a central focus of study.

Synonyms for “predictors measured with error” are “errors-in-variables” and “mea-
surement error models”. By these phrases we mean that there is a concept of the true value
of a predictor, but we can observe only an estimate of this true value. It is particularly
important to note that the error in the estimate may have many components, not just
a machine recording error. A recurrent theme is the importance of understanding and,
often, modelling all the sources of error. We will return to this in part V.

A good example of a predictor measured with error is systolic blood pressure (SBP).
One plausible definition of true SBP is a person’s long term average reading from a 24-hour
monitor. In practice, we observe only an estimate of this long term average. Sources of
variability in the observed reading include not just simple machine error, but operator
variability, conditions, time of day and even such subtle factors as to whether the patient
is under (a short term period of) stress. Often, machine error can be made quite small, but

even in a quality study Carroll, et al. (1984) estimate that 25% of population variability
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in observed SBP is caused by other sources of error. In other studies in this volume,
measurement error accounts for as much as 80% of the observed variability in predictors.

In epidemiology, it is important to distinguish between measurement error models and
Berkson (instrumental variable) models. The former have been the focus of most of the
research in the field and will be the main topic in this paper. Let X be the true value of a
predictor and Z its observed proxy. In measurement error models, it is natural to model Z
as a function of X. Very loosely, this means that we consider X to cause Z. For example,
X might be true cigarette usage and Z reported usage, or X might be true radiation
exposure and Z exposure as measured by a radiation badge. There are two subcases of
the measurement error model. In the functional case, the true values of predictors (X)
are considered fixed but unknown constants. This would be an appropriate framework
if patients were gathered in some semi-deterministic way as opposed to being random
samples from poulations, in which latter case X is random and we are in a structural case.

In the Berkson or instrumental variable model, it is most natural to model X as a
function of Z. For example, in the paper by Tosteson, Schafer and Stefanski given in this
volume, X is true NO, intake, which is most naturally modeled by a combination of NO,
concentrations in the bedroom and kitchen. As a second example, Z might be the nominal
amount of a drug given to a patient and X the true value; clearly the former determines
the latter.

It is sometimes asserted that the whole problem of errors-in-variables is a waste of
time. The argument goes something like this: “after all, you only get to observe Z, so
you should be modeling the response Y as a function of Z rather than as a function of
the true but unobservable covariable X™. This glib and somewhat perverse viewpoint
is dangerously ignorant. Here is one example of a measurement error problem which
is important in epidemiology. It has been well known for at least twenty years that in
an unbalanced linear analysis of covariance, measuring a covariable with error and then
modeling the response as a function of the observed Z can lead to the WRONG conclusion.
It is important to emphasize that we are talking about a totally invalid conclusion, not just
an inefficient analysis. Other papers in this volume will make the same point in contexts

other than covariance.
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1.2 Validation and Calibration Data Sets E:_:
j_:

As other papers in this volume indicate, it is becoming increasingly common to have .
available a validation (or calibration) data set where both X and Z are observed. The '-*
idea is to use the validation data set to understand the error process, and then to transfer ‘E‘;
this knowledge across to the main data set of interest. It is especially with regard to this '
transfer that the distinction between the measurement error and Berkson (instrumental ::::.’.
variable) models becomes vital. As we shall explore later, estimates such as maximum “:_5;.\
likelihood depend on knowledge of the distribution of the true X given the observed Z. In ::'.
the Berkson case, it is by definition natural to model this conditional distribution, and in ,,!
many cases this distribution will be the same across data sets. EC
For example, suppose X is true NO, intake, which is naturally modeled as a function g-:

of the combination Z of bedroom and kitchen NO,. Here X is fundamentally a function f
of Z, and it is reasonable to suppose that the distribution of X depends only on the value :.‘
of Z and not on the data set. The reader will find this to be the case in the paper by ;:C
Tosteson, Schafer and Stefanski, where the fundamental rélationship seems to hold even .:
across continents. :\
In measurement error models, the fundamental relationship is that Z depends on X :_‘_\
and not vice versa as in the Berkson case. It seems sensible to believe that given a fixed "“
amount of true radiation exposure (X), the distribution of observed exposure (Z) should :E
be constant from data set to data set. Thus, a validation data set gives information on the i-

conditional distribution of observed given true. However, maximum likelihood and other :':
estimates require the opposite conditioning, needing the distribution of true given observed. ';
We can only transfer the knowledge of this conditional distribution from a validation data :f:
set in the measurement error context if the distribution of true exposures is the same '_\

in the validation and the main data set. This point may seem very subtle and of little

AV
.

consequence, but remember that if one transfers validation information inappropriately,

one can get final estimates which are seriously in error.

For example, suppose that our validation data set measures true and badge recorded

radiation exposure in a population with only moderate exposure, while our main data
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set contains individuals who are heavily exposed. If one assumes that observed exposure s
o
depends only on true exposure, then the conditional distribution of true exposure given ’.'
observed will differ in the two data sets. If we try to use this last conditional relationship :;.
. 1 4
in the main study, we can get badly biased results. Efi
Ny
1.3 Outline 2
w:.:
In Part II, we survey in depth the simple regression model. Parts III and IV discuss :'i’&*_s-
randomized and nonrandomized covariance models. Part V gives our conclusions and s.:':
suggestions. Of particular interest is our conclusion with regard to measuring treatment ",’
. . . . W
effects in a generalized linear model with covariates which differ in the treatment and :".‘:3'
]
control groups. Large measurement error in such an unbalanced covariance problem can r
Leha,
destroy the validity of the usual analysis based on ignoring the error. If measurement error L)
is unavoidable, one must design the study so that one can understand the form and nature \
A
of this error. _: i
3
Part II: Simple Regression Models f_{'
e
2]
2.1 Simple Linear Regression G
. e . . . ce 4t LT
Measurement error models in linear regression is the subject of the authoritative book ;
. . o
by Fuller (1987), and for this topic we will only reference those papers which we need o
Y
directly. The classic simple linear regression model assumes that responses Y follow a i
S
. 8
linear curve in a true predictor X except for equation errors e: o
n..-
(2.1) Y=0+B8X+e ]
. -— Mo 1 . F:: (
P

-

L4

The equation errors have mean zero and standard deviation o,. Because of error, we

A Ay
f04
oA AN

v
7

observe Z, an estimate of X. Most papers assume that the error u in estimating X is

rw.'*
linear: ;:::.;
. ‘a'{‘
-_f-'f_e
(2.2) Z=X+u, -j:::'.
. . . - - .
where u has standard deviation o,. In either the functional or structural cases, if the true e
~
. . . . f
X’s have mean p, and standard deviation o, , the ordinary least squares (OLS) estimates Ny
v
~¢'
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of intercept B, and slope 3, are biased, even for very large samples. The degrce of bias

depends on

(2:3) X=02/(0? +02) = (1+0%/02)".
In fact,

(2.4) Bo(OLS) — Bo + frp. (1 = X) = B35

B, (OLS) — AB,.

Since A is always less than or equal to 1.0, OLS underestimates §, in absolute value. This
phenomenon is called ATTENUATION and is illustrated in Figure 1. Note that the OLS
line correctly estimates the true line at the central value y,, but is in error elsewhere.

There are special features which deserve comment.

@ Effect of Measurement Error on Bias: The bias depends on the measurement error
variability relative to the variability of X. Only when o2 /o? is large will OLS estimates

be biased in important ways, see Fuller (1987, pp1-4).

& Effect of Prediction /Calibration: Carroll and Spiegelman (1986) show that prediction
and calibration confidence intervals are affected by the size of (8,0, /0.)?. If this quantity is
large (even when the bias in OLS is small), ignoring measurement error leads to confidence

intervals which are much too conservative.

@ Hypothesis tests for effect of X: The usual test for an effect is H, : 8, = 0. Equation
(2.4) shows that under the null hypothesis, OLS estimates of 3, are acceptable for use, and
it turns out that standard hypothesis tests can be employed. This happy state of affairs

does not carry over to more complex models, especially nonrandomized covariance models.

® Confidence Intervals for Slope: For asymptotically valid 95% intervals for 8,, OLS will
not work because of its bias. Even asymptotically valid confidence intervals require correc-
tion for measurement error. The difficulties in constructing exact finite sample confidence

intervais are legion, see Gleser and Hwang (1985).
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® Methods of Correcting Slope for Measurement Error: If A is known, then from (2.4) the Moy
o
obvious estimate is »
.‘
- " i\
(2.5) B.(2) = B,(OLS)/A bty
e
Of course, X is unknown and must be estimated. There is an enormous literature on 2
methods for estimating A, see Fuller (1987, Chapter 1). This is a daunting literature for ~
\J
the uninitiated, because methods depend either on artificial assumptions such as o, = o, .
or on the use and type of replication on X or Y. In all cases, since 0 < A < 1, errors-in- »
]
variables estimates eliminate asymptotic bias but increase variability (tastes great - more g
filling!). I
o
Y
® Using Errors-in-Variables to Test for Slope Effects To test H, : B, = 0, the increased &.
[
variability of most errors-in-variables estimates results in less power than simply ignoring o3
the measurement error. This magical but very special result is sometimes used (mistakenly) "
as a reason to ignore measurement error. ‘
i-
Q@ Modelling the Measurement Error Process: Just because most papers assume the ad- 4
>
ditive error model (2.2) does not excuse one from designing the experiment so that it is :E
B
possible to check this model. For example, suppose measurement error is multiplicative: )
. -
Z = Xu. ’ '.:::
RS
l._\
where u, has mean 1.0 and standard deviation o,.. Then instead of (2.4) with X given by N
(2.3), the OLS estimate of slope converges to l
: R
(2.6) B, (OLS) — A.,, where ‘_;
X = 0% /{02 + 02 (u2 +2)}. =
L
Clearly, if the measurement errors are multiplicative but one has pretended they are ad- .\.
ditive, then even “corrected” estimates of slope will be biased. This little fact is ignored ::::
DS
in most of the literature; exceptions are Hwang (1986) and Stefanski (1985). We know of i
almost no literature which addresses the question: are the errors additive and homoscedas- '_'}:
tic? A doubting viewpoint is in Spiegelman (1986). \::

AL T T PN ;-_: v .- " -f N _"-"’.- o o "



2.2 Deconvolution, Efficient Estimation and the Structural Model

Consider a structural case, i.e., the X’s are random. Pretend that the measurement
errors are additive as in (2.2) and normally distributed. Write the X’s as having a dis-
tribution governed by a density function g. In this special case, various methods have
evolved to obtain efficient estimates of 8, and §,. The first and most common (Fuller,
1987, Chapter 1) is to pretend that the X’s are normally distributed and compute the
resulting structural maximum likelihood estimate (SMLE), either assuming o, = o, or by

using replication. Gallo (1982) shows that the SMLE is of the form (2.5).

If the X’s and e’s are normally distributed, so too are the observed Z’s. Although it
may be done only rarely, one could plot a histogram of the observed Z’s. What should one
do if the resulting histogram is, say, very skew so that the X’s are not normally distributed?
The power of the SMLE is that it still can be used because it is of the form (2.5); estimates
and tests are asymptotically valid even if the errors are not normally distributed. This is a
remarkable model robustness property. The drawback is that without normality the SMLE
is inefficient. We know of no way to improve efficiency without losing model robustness, at
least in the sense of mathematical statistics. A practical method is to pretend that X has
some sort of more general distribution, e.g., Weibull. We know of no instance where this
device has been employed, although it has been anticipated by Schafer (1987a). Results
of Carroll and Hall (1987) suggest that using the observed data to suggest a model for the
X’s may be impractical. In some sense, hypothesizing a flexible model for the X’s is more
guesswork than anything else. This is one instance where experimental design might be

useful, i.e., devote part of the available resources to understanding the distribution of X.

Bickel and Ritov (1987) also try to improve upon the SMLE. They construct an
estimator which makes this improvement as long as equation and measurement error are
normally dsitributed. Unfortunately, the estimator is complex, relying on kernel density
estimation techniques in its construction. Also, there is the (potentially delicate) problem
of bandwidth selection in the kernel estimate. In addition, the role of the assumption
of normally distributed equation and measurement error remains to be explored. These

estimates are yet not ready for routine implementation.
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There have been some attempts to construct alternatives to the SMLE which are ~
robust against outliers. We believe that doing this will require some replication. For one E‘
early and partially successful attempt, see Carroll and Gallo (1982). '.‘;
Perhaps the most interesting point here is that there are a lack of data diagnostic tools ;’:, :
for checking assumptions, although see Schafer (1987b). Indeed, there is only a little work :: 3
on the sensitivity of estimates to underlying assurnptions. The SMLE is at least consistent 2
with a standard theory assuming only additive errors, and hence forms a benchmark against ‘_ )
which to make comparisons. Reasonable alternatives are robust estimators and maximum :
likelihood estimates without normality assumptions. _.
2.3 Other Simple Regression Models E\;
Common models in epidemiology are logistic, Poisson, exponential and proportional ;f
hazards regression. The logisic model is used for failure-success data, the Poisson model “:
for counts such as mutation, and the other two models are used to analyze survival times. (,::
There has been considerable recent interest in these models in the context of measurement :
error, but actual applications to data have been few. ~
These simple regression models share some of the features of simple linear regression.
Typically (but not always!), the usual estimates are attentuated, see Stefanski and Carroll
(1985). In testing for an effect due to X, i.e., H, : f, = 0, we can ignore measurement error. ,.’
Unfortunately, estimation of 8, is very difficult once one leaves simple linear regression. ::
The key feature that makes linear regression tractable is that the OLS estimate of 3, \". ]
estimates A3, when A is independent of f, and f,, see (2.3) and (2.4). As in section 1.2, !,‘
this leads to the natural corrected estimate [}1 (OLS)/:\, which is asymptotically unbiased -;
with a well-understood limiting normal theory for use in inference. Such easy corrected :-)
estimates are not available for other simple regression models. :".‘
Even for simple regression models, computing the maximum likelihood estimate ;-“
(MLE) of B, requires specifying the distribution of X given Z (see Appendix A), al- EE
though in proportional hazards regression Prentice (1982) indicates that we must specify :'. )
the distribution of X given both Y and Z. The results of Carroll and Hall (1987) indicate '.‘_.\
that specifying such conditional distributions is difficult to do from information about only "E
; 3
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Y and Z. It is useful to summarize some of the possible approaches to obtaining estimates
of B,. We consider only the case, as in logistic and Poisson regression, that it is sufficient
to specify the distribution of X given Z.

In the rest of the section, we characterize seven possible approaches to obtaining
estimates of the parameter §,. These methods are as follows:
(1) Maximum likelihood for a specified parametric family;
(2) Quasilikelihood generalized least squares;
(3) Redesign the study to gather information on the distribution of X;
(4) Exploit special features of certain models;
(5) Approximate maximum likelihood by Taylor Series;
(6) Approximate quasilikelihood by Taylor series;
(7) Correct the usual methods by Taylor series
® Mazimum Likelihood for a Specified Parametric Family. If we can specify a parametic
model for X given Z, then as in Appendix A we could perform a conditional likelihood
analysis. This program has been carried out by Armstrong (1985) and Schafer (1987a).
See section 1.2 for comments on the use of validation data sets to help specify such a
model. In particular, note that validation data sets can be used for this purpose in the
Berkson case but not for measurement error models unless it is reasonable to assume that
the distribution of the true X is the same in the validation data as it is in the main data
set of interest. For example, we might pretend that, given Z, X is normally distributed
with mean a + bZ and variance o2. Unfortunately, such an assumption is difficult to check
from data on Z only, and violation of the normality assumption can degrade performance
of the estimates, see Schafer (1987a) for a striking example. This method depends on X
being a random variable. Perhaps more complex and flexible models could be used to
lessen the dependence of the results on assumptions. Likelihood estimates in measurement
error models do suffer from a distressing tendency towards occasional disasters, i.e., the
estimates become wildly unrealistic. Even in the linear case, they have to be modified to
have finite expectations, see Fuller (1980).
® Quasilikelihoud Generalized Least Squares. When a parametric family for X given Z can

be specified, an attractive alternative to a likelihood analysis is based on quasilikelihood
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generalized least squares (QGLS). These weighted least squares estimates are discussed 5

»
L

by McCullagh and Nelder (1982), McCullagh (1983) and in Chapter 2 of Carroll and

n

Ruppert (1988). As shown in Appendix A, specifying the distribution of X given Z

enables us to compute the conditional mean and variance of Y given Z as a function of

S

Bo, B, and a vector of nuisance parameters §. A genuine advantage of QGLS estimates

is that they are easier to compute than maximum likelihood estimates. Even in a fairly

\."

w
<

simple problem, Schafer (1987a) details the difficulty of maximum likelihood computations,
while McCullagh and Nelder (1982) show that QGLS requires only iterative nonlinear least

LA

squares computations. A second advantage is that, being weighted least squares estimates,

&
QGLS estimates have associated with them (1) routine inference based on asymptotic :;::’.
standards errors (2) graphical model checks; (3) simple model tests: and (4) influence .::
diagnostics. These are surveyed in Chapter 2 of Carroll and Ruppert (1988). !' .

Ease of computation and the ability to check some model assumptions make QGLS E
estimates an extremely attractive alternative. They seem to be restricted to the structural ER'
case. o
Q@ Ezploit Special Features. In logistic, Poisson and exponential models with additive "';':
normal measurement error, Stefanski and Carroll (1987a) show that it is unnecessary to o
specify the distribution of X given Z. Stefanski (1987) constructs estimates for f, in N

this case. His estimates share most of the defects of the Bickel and Ritov (1987) method

discussed in the previous section. In the proportional hazards model, Prentice (1982)

discusses a case that the measurement error, while large, is not crucial.

@ Approrimate the MLE by Taylor Series. If the measurement error is “small”, Whitte-

EFAL Paortr ol

-

more and Keller (1986) show that an approximation to the MLE can be made by knowing

LY
the conditional mean and variance of X given Z. The resulting estimates had poor behav- :E
ior in their Monte-Carlo study. Partly, this may be due to their use of mean squared error
as a criterion for comparison. The experience from linear regression {Fuller, 1987) is that r'::‘:;
the MLE has infinite second moment, and in Monte-Carlo studies one will see a disaster .""

in about 1% of the simulations. In the linear case a fix-up is available (Fuller, 1980), and

this modified MLE does considerably better in simulations.

The crucial requirement for applying Whittemore and Keller’s approximation is know}-
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edge of the conditional mean and variance of X given Z. While Carroll and Hall (1987)
and Stefanski and Carroll (1987b) have shown that it can be very difficult to estimate the
distribution of X given Z, Stefanski and Carroll (1988) have shown that the estimation of
the moments of X given Z is considerably easier for additive measurement error, although
still not simple.

The tendency for approximate MLE’s to have occasional disasters limits their use.
Until modified versions become available, these methods cannot be recommended.
® Approzimate Quasilikelihood by Taylor Series. Whittemore and Keller (1986) have
approximated quasilikelihood estimates when measurement error is “small”. Again, one
must specify the mean and variance of X given Z. While this last is easier than specifying
the entire conditional distribution, it is by no means easy to do from data. In their Monte-
Carlo study, their approximate QGLS estimates performed quite well. The methods are
appealing and worth further study.
@ Correct the Usual Methods by Taylor Series. This method has been developed in
epidemiological models by Stefanski and Carroll (1985) and Stefanski (1985, 1987), while
for classic nonlinear regression see Amemiya and Fuller (1985). The advantages of this
method is that we need not specify or estimate the distribution of X given Z. Indeed,
X need not be random, so that this method can be applied to the functional model.
By Taylor series methods, one shows that the usual estimates of f;, are estimating Af,
approximately for some A. As in linear regression, one estimates A and inverts. The
method has worked well in the simulations of Schafer (1987a) and Whittemore and Keller
(1986). The latter construct a simulation in which the moments of X given Z are known,
which is advantageous to approximate quasilikelihood since it requires this knowledge.
Even though the corrected estimates do not require these conditional moments, they are
just as efficient as approximate quasilikelihood except in those rare cases that 62 is much
smaller than o2.

An advantage of corrected estimates is that they can be easily applied, without as-
sumptions about unobservables. Corrected estimates can serve as a diagnostic, indicating
whether the effect of measurement error is substantial. The estimates, being approxima-

tions, are approximately consistent. Resampling methods can be used for inference.
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Explicit formulae for corrected estimates are given in Appendix B.

Part III: Randomized Studies

3.1 Covariance Analysis in Linear Regression

Suppose that we have a control group, a treatment group, and a covariable X. For
convenience, we consider completely random assignment to the two groups, there being
no difference when more common randomization schemes employing blocking are used.
Assignment is denoted by A, with A = —1/2 and A = +1/2 indicating assignment to
the control and treated groups respectively. The response Y is linearly related to X with

intercept depending on A:

Y(A) =0 +FA+ P X +e.

The effect of treatment is f3,, so we wish to estimate and make inference about §,. The
question is: what happens when X is measured with error? Theoretical analysis is given
by Carroll, Gallo and Gleser (1985) and Gleser, Carroll and Gallo (1987).

It may come as as major surprise that OLS ignoring measurement error gives (asymp-
totically) valid estimation and inference for the treatment effect, at least under a remark-
ably general set of conditions. The effect of the existence of measurement error is a decrease
in the power of tests for ;. Even so, OLS will most often be preferred to the common
measurement error correction techniques, which are typically even less powerful.

Some intuition as to why OLS works for the treatment effect is given in Figure 2.
Recall that the effect on measurement error on estimating a line is to attenuate the slope,
although (like a see-saw) at the central value of X the value of the OLS line coincides with
the correct value. Covariance analysis fits lines with the same slope to each group, with
the treatment effect being the difference in the lines at the central value of all the X’s
(pooled over the two groups). Randomization insures balance: the central value of all the
X'’s is the same as the central value of the X’s in each group. This assurmes that OLS
still estimates the correct treatment effect.

The effect of measurement error on OLS inference is a loss of power. In general, if

there were no measurement error then the power for detecting a treatment effect in the

12
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normal case is a function of the noncentrality parameter Nf3? /o2, where N is the total
sample size. With additive normal measurement error in X, the noncentrality parameter

is smaller, being

(3.1) Ng:/{o? +B5(e;2 +07%) '}

The loss of power can be substantial. It is important to note that the loss of power is
related to the strength of the covariable as measured by 2. An open problem is whether

there are weak assumptions which enable one to construct tests with better power than

OLS tests.

If the equation errors are normally distributed, and if the measurement error is ad-
ditive and normally distributed, the Bickel and Ritov (1987) device could be used to get
increased efficiency over OLS for inference about f3,, at least in principle. Practical imple-
mentation and the strong assumptions limit use of this alternative, at least at present.

When the X’s are estimated by replicate Z’s, the Carroll and Gallo (1982) robust

estimates could be employed. Work in progress is improving on these methods.

8.2 Covariance Analysis in Logistic and Probst Regression
In logistic regression, the responses Y take on the values 0 and 1 representing failure

or success. Given (z,A), the probability of success is
(3.2) P{Y =1given X,A} = F(8, + f, A + . X),
where F is the logistic distribution function

F(u) = {14 exp(—u)}~*.

Probit regression satisfies (3.2) as well, but with F being the standard normal distribution
function ®. The ordinary method of estimation is maximum likelithood.
In linear regression with additive measurement error as in (2.2), if e, v and X are all

normally distributed, then the true and observed data follow the models:
Y=0+b5A+pFX+e¢
Y=0+BA+B,Z+e¢.
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The terms 3; and §; are complex, while e* is normally distributed. In other words, under

these ideal conditions, the observed data from a linear covariance also follow a linear
covariance with exactly the right treatment eflect. This is another reason that OLS can
be used for reference about S, .

In binary regression, we do not have quite the same happy circumstances. One il-
lustration of this is - ‘ven by Carroll, et al. (1984). For probit regression with additive
measurement error and both v and X being normally distributed, the true and observed

probabilities of success follow these probit covariance models:

(3.3) Pr{Y =1given A, X} =®(B, + 5, A + 5, X)
Pr{Y =1given A,Z} = ®(B; + A, A + 5; 2)

A={1+B}(0;% +0;7)7 1} M2

These are ideal circumstances, but even so there are two important points to note.
First, when there is no treatment effect (8, = 0), the observed data will also show no
treatment effect. This suggests that we will be able to test for the presence or absence of
a treatment effect without knowing anything about the form of the measurement error.
Of course, there will be a loss of power compared to the case that X is measured exactly.
The second consequence of (3.3) is less positive. Since 0 < A < 1, we see that if we use the
observed data to estimate the treatment effect, then we are estimating AB; and not 8.
The treatment effect is attenuated! To get an estimate of the true treatment effect 8, , one
must estimate A or equivalently B,, i.e., one must do a proper errors-in-variable analysis.
The methods for doing such an analysis are basically the same as outlined in Section 2.3.
In Appendix B, we give a detailed treatment (with formulae) of corrected estimates for
logistic regression with additive measurement error.

Measurement error reduces power in this example, and for that reason alone one will
want to eliminate it. If measurement error has been controlled as best as possible, there is
a temptation from the preceeding example to ignore it entirely. After all, by ignoring the
errror we underestimate treatment effect and are being conservative. Whether attentuaion
of treatment effect holds in general is unknown. Even if it does, it is not obvious to us

that one should accept a severe underestimate of treatment effect.
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The final point concerns testing for the treatment effect in the general case, i.e., logistic i
X -

regression and other models for measurement error. One can easily show that, at least »~’
in theory, the usual hypothesis tests for H, : ; = 0 (such as the score test) have the :'N'
. !
wrong Type I error level. The major difficulty is that the observed data do not follow c.‘,:
a logistic regression model (!). In our practice we have observed that the score test for Y, %
treatment eflect is usually adequate since the observed data still approximately follow a o
o o]
logistic model. i )
o

. ‘I‘::wl'_'

3.8 Other Regresston Models e
®
For generalized linear covariance models such as Poisson and exponential regression, o

U
the message is about the same as for logistic and probit regression. The usual score
tests have the wrong level, but unlike in logistic regression the change from a nominal ‘:::‘4
N

a can be considerable. A simple modified score test for treatment effect (H, : B, = 0) e
is available from Stefanski and Carroll (1988), and can be computed without modeling :

the measurement error process. Good estimates of the actual treatment effect requires

e S T A
S
Pl 8

a proper errors-in-variables analysis. There is one exception which is important in the

e

Ty
< 7

Poisson and exponential cases. If we model the mean response in a multiplicative fashion

x
-
3, 5 ‘:‘(I 5

e

as

%
.l

v

@

(3.4) E(Y) = exp(fo + 1 A + 5: X),

2

W

then the usual analysis consistently estimates the treatment effect B,. This can be shown
by applying the techniques of Gail, et al. (1984), the details appearing in Stefanski and
Carroll (1988).

i .5 .

i\*
i

For exponentijally distributed survival data, one can obtain confidence intervals for \,",

L) *
a treatment effect without knowing a model for the measurement errors. Suppose the ":'.:,
'..-K

survival times have mean (3.4). If we want to test H, : §, = c, it is sufficient to consider

ety

L ‘w \
Y* = Yexp(—cA), e
SN
e

since Y* follows the exponential model with mean ‘e
R

.y

E(Y") =exp(Bo + (B, — €)A + B, X). :
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Applying a modified score test for treatment effects to Y * is the same as testing Hy : 8, = c. :'.:
The set of all such ¢’s which are accepted in a (say) 5% level test forms a 95% confidence Y
interval for §,. "
d
We know of no work in this context for the proportional hazards model when covari- ;::‘;
ables are measured with error. ":"
8.4 Non-Covariance Models .;
r.»
In the covariance models we have studied, the treatment assignment A is measured 2
without error and is unrelated to the covariable X measured with error. In non-covariance "
PR
models, we might have predictors A,,...,A, measured without error and predictors -
N

Xi,..., X, measured with error. As long as A,,...,A, are unrelated to X,,...,X,,

2NN

the lessons learned from our covariance model carry over virtually without change.

Alternatively, there are many instances where we are interested in testing whether

any of the variables (X,...,X,) measured with error are significant predictors. Some

-

of the papers in this volume are devoted to this problem and various facets of it, and

»
we refer the reader to these papers for extensive literature review. This is of course an !_:
easier problem because under the null hypothesis we have a model based strictly on the ‘,:

-
observables A;,...,A,. See Tosteson and Tsiatis (1988) for a discussion. :;"'
\J

%

o ]
s

-

Part IV: Nonrandomized Studies

0
. e . o'y
4.1 Covariance Analysts in Linear Regression .:c.
We continue with the linear covariance model (3.1) but no longer assume that the !
S
study is randomized. Let p, and pr be the mean of X in the control and treated groups ',::‘-'.‘
respectively; with equal allocation p = (s + pr)/2 is the overall mean. For random '_::_.‘_
NN
assignment, p, = pr. In Figure 3 we plot a schematic of covariance analysis for an
unbalanced study when X is measured without error and the treatment group has much t:: ’
LS
larger values of the covariable than does the control group. In this picture, there is a o
\‘:
negative effect due to the treatment. Figure 4 shows what happens to Figure 3 when X ;‘
is measured with additive error; attenuation not only hides the true negative effect but "
~
causes an observed (illusory) positive effect. It is also possible for measurement error to E.‘ ’
<3
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cause us to conclude that there is a treatment effect when it really does not exist.
Algebraically, suppose measurement error is additive as in (2.2). Let 02 be the sample
variance of the true X in the pooled data and d = 02 + 02 — (ur — p.)?/4. Then OLS

estimates not 8, but rather
B+ ﬁz": (I‘T - yc)/2d.

This formula confirms Figure 4: measurement error in an unbalanced study can invalidate
OLS estimation and inference. Factors affecting this are the degree of imbalance (ur — u.),
the measurement error (02?) and, not so surprisingly, the strength of the covariable (5,).

In those cases for which OLS estimation and inference will not do, an errors-in-
variables analysis is required. There are three main approaches: method of moments, func-
tional estimates and structural likelihood analysis. For the former, one requires knowledge
of the measurement error structure. For example, if an additive error model is appropri-
ate, the OLS estimate of the vector (Bo,f;,0;)" = B estimates LB, where T is a matrix
depending on the means and variances of X in each group as well as 02. If for each X we
observe replicate X’s, T can be estimated by 3 and the moments estimate is £~ E(OLS),
where ﬁ(OLS) is the OLS estimate of B. In any case, the design should be such that
L can be estimated. While estimates are easily constructed, asymptotic t-tests are not.
With additive measurement error, formulae for standard errors are given by Fuller (1987).
For multiplicative measurement error, see Hwang (1986).

In a functional analysis, each X is treated as a fixed constant to be estimated along
with B,, 8., B: and o2. Assuming additive errors and replication of either X or Y or both,
Fuller (1987) has constructed functional estimates of the vector B = (8,,8,,8;)'. These
estimates are closely related to but more efficient than moments estimates and require no
assumption of normal errors. Unfortunately, the functional approach appears to require
additive errors.

The structural likelihood approach follows the same lines as the SMLE of section 2.1.
Assuming additive measurement error, one pretends that this error follows a particular
distribution, for example normal. For each group, one assumes that X also follows a
particular distribution, say normal with means u., ur and variances 02, 02 for the control

and treated groups. Assuming some replication, a maximum likelihood analysis can be
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performed.

To summarize, measurement error can wreak havoc on an unbalanced linear covariance
analysis. To correct for the eflects of additive measurement error, either a method of
moments or functional approach is available with formulae for standard errors. For non-
additive measurement error, formulae for estimates and standard errors are not generally

available.

4.2 Covariance Analysis sn Other Regression Models

Sufficiently severe measurement error in a predictively strong covariable can also inval-
idate an unbalanced, nonrandomized covariance analysis for logistic, probit, exponential or
proportional hazards regression. See Stefanski and Carroll (1985) for a technical exposition
in the logistic case. In the probit case with normally distributed measurement error and
X normally distributed in each group, one can show as in Carroll, et al. (1984) that the
usual estimate is approximately unbaised for a linear combination of the treatment effect
f, and B;(pr — p.). While such calculations are useful in understanding those problems
which are of greatest concern, the state of knowledge for these other covariance models is
still primitive.

Possible approaches to an errors-in-variables analysis have been outlined in section
2.3. Formulae for corrected estimates in logistic regression with additive measurement

error are given in Appendix B.

Proportional hazards regression does not operate exactly like the others. We believe
that there may be cases, as in Prentice (1982), that imbalance in the covariables does not
have a severe effect on treatment estimates. Work is in progress towards categorizing these

cases.

Part V: Discussion

Regression models in epidemiology include not just linear but also logistic, probit,
exponential and proportional hazards regression. The usual methods based on ignoring
measurement error can give the wrong conclusions in an unbalanced, nonrandomized study

of treatment effects. How bad the usual methods are depends in a complex way on the
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size of the measurement error, the degree of imbalance in the study, how variable the true

predictors are, and the strength of the covariable as a predictor.

Since correcting for measurement error is a difficult process, statisticians and epidemi-
ologists must confront the issue in the design of a study, and not after a study has been
completed. It is the equivalent of supporting motherhood and apple pie to suggest that we
ought to try to eliminate measurement error whenever possible. The loss in power for de-
tecting treatment effects even in a randomized study can be considerable when covariables
are measured with significant error. Trying to correct for measurement error by statistical
techniques rather than eliminating it in the design of the experiment is the same as the
disastrously failed quality control strategy of inspecting for quality rather than building it
in.

Unfortunately, we cannot eliminate measurement error in every instance, and a strat-
egy has to be developed to cope with it. The first question to ask is: will it matter?
This could be addressed through simple theoretical analysis. Although everyone should
have access to a theoretical statistician (thus improving the already strong job market for
same), a partial alternative is sensitivity analysis using simulation. By making reasonable
guesses (based on pilot studies or experience) for the size of the measurement error, degree
of imbalance, spread of the covariables and their strengths as predictors, one can simulate
the experiment to see if a misleading conclusion is likely to be drawn. More importantly,
evidence through simulation of loss of power or severe bias can act as a terrific incentive

to careful study design.

If measurement error exists and is of likely importance, it has to be faced in the
design of the experiment. Even the simplest errors-in-variables estimates (the approximate
corrected estimate of Stefanski and Carroll (1985) for logistic regression and Stefanski
(1985) for other models) require knowledge of the form of measurement errors and estimates
of measurement error parameters. If we can safely assume additive measurement error
with constant variance o3, replicate measurements (X’s) have to be taken to estimate
02. Preferably, either a pilot study will have been performed or a proportion of study

participants assessed exactly so that the critical assumption of additive homoscedastic

measurement error can be checked.
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If we had to choose an estimate based on available knowledge, we would favor the
corrected estimates. These estimates are easy to compute under minimal assumptions on
the measurement error process, assumptions which can be checked, at least partially, by
replication. The available Monte-Carlo evidence is that corrected estimates do very well
in practical situaticns.

Evidence may well be found to suggest that corrected estimates will not perforin well

in certain practical cases. In this instance, because of the tendency of maximum likelihood

estimates to explode occasionally, for structural models where X is random in each group -
we prefer as alternatives to corrected estimates the method of quasilikelihood generalized %‘
least squares. The approximate version of QGLS developed by Whittemore and Keller ;‘5
(1986) is an intriguing possibility. E“'

To compute a QGLS estimate, one is required to write a model for Y given the

observed Z in terms of the original parameters. The most direct way to do this is to

specify the distribution of the true X given both Z and treatment assignment A. If one

takes this direct approach, three approaches will be useful immediately.

(1) Write down a model. For example, one might suppose that X given Z and A is
normally distributed with mean a + bA + ¢Z and variance 0?. The simulation of
Schafer (1987a) shows that either a much more flexible model must be specified or the

assumption checked. The latter can be done, for example, by measuring X exactly in

a percentage of the study participants. Writing very flexible conditional models is a :;::
difficult task. e
(2) Construct indirect models. 1t is sufficient to write a general model for £ given A only -.,
and combine this with a model for Z given X. Operationally, this is often easier than ::‘,:
the first method. Measurement error distributions are often simpler to characterize E;".;

through pilot studies, and flexible models for X given only treatment assignment A

are more readily available.

(3) Measure X Ezactly in Part of the Stuly. If one measures X exactly in a proportion of
the study participants, one will have some data to check model assumptions about X
and the structure of measurement error. This will at least enable one to avoid disasters,

e.g., assuming additive error when error is multiplicative or assuming normal X when
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X has a very skew distribution.

In reviewing the literature, we have been struck by the overemphasis on the simple
regression model and the corresponding lack of examples of techniques applied to data.
As epidemiologists confront the issue of measurement error, we hope that the theoretical

literature will evolve to solve the problems encountered in practice.
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Appendix A

Suppose that the density of Y given X is f(y|z,B8), the density of Z given X is
f(z|z,0), and the density of X is f(z). The conditional density of X given Z is f(zlz,0).
The marginal density of Z is f(z|6). The likelihood function of the observed data is

[ 1010)1(212,0) 1)
= [ 1l p1(elZ. 0042 1(210)
The conditiona! '"kelihood for Y given Z is then
(A1) U12,8,0) = [ 1V 1201 (=12, 0)dx,
while the k** moment of Y given Z for use in a quasilikelihood analysis is
(A.2) f Y*L(Y|Z,8,6)dy.

If 8 is unknown, we can obtain a conditional maximum likelihood analysis using (A.1) or a
quasilikelihood analysis using (A.2). Both require us to specify a parametric form for the
density of X given Z.

Appendix B

A corrected estimator for logistic regression
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For logistic regression, a corrected estimator was developed by Stefanski and Carroll
(1985, section 3.1). This was generalized by Stefanski (1985, equation (2.10) and following)
for generalized linear models. The idea is to correct the usual estimator for its bias.
Suppose that we have a sample of size n and the i'* person has treatment assignment A,
actual covariable X; and observed covariable Z;. Here X; and Z; could be vectors as would
happen most often in practice. We assume additive measurement error with covariance
matrix S,. If some of the components of X; are measured exactly, the corresponding

elements of S, are zero. Let S'., be an estimator of S,, see below. Write

1 Bo
D.' = A.' and B = ﬂl
Z\' ﬂZ

Let B be the usua! estimator of B based on the observed data. The logistic distribution
function is F(u) = {1 + exp(—u)}~* with first and second derivatives F(!) and F(?)

respectively. If B, is the usual estimator of B2, then the corrected estimate is

B. =B+ A '(J, +J,), where

A=) F"N(D:B)D,D:

1

Jy = (1/2) ) F* (D! B)D:(8:5.5:)

=1

J, =Y F(DT B)S. 5.

i=1
To implement this estimate, we require an estimate S, of the measurement error
covariance S,. In some instances, S, may Se known from previous studies. In other cases,
components of variance analysis may yield an estimate. For example, suppose that each
person has m replicate observations of the c‘variab]e X. Then X; will be the average of
the m observed values. If S; is the sample covariance matrix for the i** person, then our

estimate .§,, is
S, = (mn)~* ES;.
1=1
including better estimates of standard errors. For making inference about 8, = a' B where

a' = (0 1 O0)A, one might use the percentile-t method based upon the approximate ¢
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statistic for H, : f, = ¢ given by Y

A

T ={a'B, - c}/{a' A" a} v.

¢ ' * .:

For references on bootstrap confidence intervals, see Hall (1988). .

Wy

The problem of inference has not been addressed adequately in the literature. In the 2

structural analysis of covariance framework, resampling techniques such as the bootstrap X o
P

could be used. Let n_, and n,, be the sample sizes in the control and treatment groups :'.“_

R

respectively. Take a random sample of size n_, with replacement from the control group it

and a sample of size n,,; with replacement from the treatment group. This forms a ':'
R \

bootstrap sample and from it a bootstrap estimate B can be formed. This gives us access '.:

e,

to the now voluminous bootstrap literature.
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Figure 1: Attenuation due to measurement error

This schematic plot shows the effect of measurement error. The solid diamonds are the
true data, fitted by the solid (OLS) line. The large circles are the observed data, obtained
by interchanging the 1st and 4th X valves and the 7Tth and 10th X values. the resulting
attenuated (OLS) line is dashed.

Figure 2: Measurement error in a randomized linear covariance

The solid lines are the relationship between true covariable and the response, with the
treatment the upper line and control the lower line. The dashed lines indicate the observed
relationships after attenuvation caused by measurement error. The treatment effect A is

the difference between the lines, and is the same for both the true and observed data.

Figure 3: Unbalanced linear covariance for true X

Those values of the covariable greater than 6 represent the treatment group, while those
less than 6 respresent the control group. The treatment effect from a linear covariance
analysis is the difference between the two lines evaluated at 6 and respresented by the

vertical line. The treatment group has lower responses having adjusted for the covariable.

o 0 X |

Figure 4: Unbalanced linear covariance for observed Z

This is the observed version of Figure 3 after measurement error. Those values of the

e

covariable greater than 6 represent the relationship between observed covariable Z and the
response for the treatment group, while those less than 6 represent the same relationship for

the control group. The treatment effect from a linear covariance analysis is the difference

AR )

between the two lines evaluated at 6 and represented by the vertical line. In the observed

data, the treatment group has higher responses having adjusted for the covariable.
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